Abstract In this paper, Maxwell fluid over a flat plate for convective boundary layer flow with pressure gradient parameter is considered. The aim of this study is to compare and analyze the effects of the presence and absence of λ (relaxation time), and also the effects of m (pressure gradient parameter) and Pr (Prandtl number)on the momentum and thermal boundary layer thicknesses. An approximation technique namely Homotopy Perturbation Method (HPM) has been used with an implementation of Adam and Gear Method's algorithms. The obtained results have been compared for zero relaxation time and also pressure gradient parameter with the published work of Fathizadeh and Rashidi. The current outcomes are found to be in good agreement with the published results. Physical interpretations have been given for the effects of the m, Pr and β (Deborah number) with λ. This study will play an important role in industrial and engineering applications.
Introduction 2 Basics of HPM
The fundamental concepts of this technique are given as follows:
Consider the nonlinear differential equation
Amber Nehan Kashif and Zainal Abdul Aziz / MATEMATIKA 34:1 (2018) [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] 33 with boundary conditions B(u, ∂u/∂n) = 0, r ∈ Γ (2) where A is a differential operator, B is an operator, f (r) is an analytic function, Γ is the domain Ω boundary. A can be presented as a sum of L linear and N nonlinear, therefore, Eq. (1) is of the form: L(u) + N (u) − f (r) = 0.
By the homotopy method [26] and [27] , a homotopy υ(r, P ) : Ω × [0, 1] → R is constructed, which satisfies
Or
where p ∈ [0, 1] is a parameter which is embedded, u 0 is the initial approximated solution of Eq. (1), where the boundary conditions are fulfilled. Clearly, from Eq.(4 or 5) H takes the forms
the transformation of p from 0 to 1 is referred to v(r, p) from u 0 (r) to u(r). Topologically, this is known as deformation, besides L(v) − L(u 0 ), A(v) − f (r) are termed homotopic. In this study, the embedding parameter p as a small parameter and assumed that the solution of Eq.(4 or 5) can be written as a power series in p:
Setting p = 1 results in the approximate solution of Eq.(1):
The coupling of the perturbation method and the homotopy method is called the homotopy perturbation method, which has eliminated limitations of the traditional perturbation methods. On the other hand, the proposed technique can take full advantage of the traditional perturbation techniques.
Mathematical Formulation
Consider the boundary layer flow over a flat plate having pressure gradient for Maxwell fluid is governed by the continuity and the momentum equations. The governing equations of continuity, motion and the energy may be written in usual notation as [25, 28, 29] :
and
subject to the boundary conditions:
where u and v are the velocity components in x− and y− directions respectively, υ is the kinematic fluid viscosity, ρ is the fluid density, µ is the coefficient of fluid viscosity, λ is the relaxation time, T is the temperature, κ is the fluid thermal conductivity and c p is the specific heat. Now, the stream function ψ(x, y) is introduced as:
For an external flow − 1 ρ dP dx can be replaced by U ∞ dU ∞ dx , where as in relations with equation (14), the equation (10) is identically satisfied and the equations (11 and 12) are reduced to the following forms:
∂ψ ∂y
and ∂ψ ∂y
We introduce the dimensionless variables η, ψ and θ as:
where T w the temperature at wall, U ∞ the uniform free stream velocity. Based on equation (17), we have used similarity transformation to reduce the governing differential equations (15) and (16) to an ordinary non-linear differential equations (18) and (19) respectively.
where β = λU ∞ (x)/2x is Deborah number [30] and P r = µc p /κ is the Prandtl number [31] . The boundary conditions are obtained from the similarity variables,
HPM Solution
According to HPM method and equation (18) and (19) becomes:
Assuming f = 0, θ = 0, and substituting f from equation (23) into equation (21) and θ from equation (24) into equation (22) after some simplification and rearrangement based on powers of p-terms, we have:
Solving equations (25)- (28): 
Results and Discussions
The Higher value of m depicts the fluid flow is faster. It is observed that the velocity profile increases with increasing m consequently, the momentum boundary layer thickness becomes thicker and thicker. Figure 2 is the pictorial comparison of the veolcity profile f (η) for the value of β = 0 in Numerical, Navier-Stokes, Fathizadeh and Rashidi [32] , also the Maxwell fluid results [32] .
In Figure 3 represents θ(η) for the values m at β = 0 and Pr = 1. Physically, the separation point flow is observed for higher value of m = 0.025 it means the fluid is not in contact with the wall. Where as, a two dimensional stagnation point flow is obtained at the lower value of m = −0.081 which prevents the development of the boundary layer growth. Also show that the energy profile decreases with increasing m consequently, the momentum boundary layer becomes thinner and thinner. Figure 4 is the pictorial comparison of the energy profile f (η) for the value of β = 0 and Pr = 1 in Numerical, Navier-Stokes, Fathizadeh and Rashidi [32] , also the Maxwell fluid results [32] . Table 2 shows the data of the values of m when β = 0 from Figure 1 . Table 3 shows the absolute error for f (η) of the different results. Table 4 shows the tabular values of θ(η) for the Figure 3 . Table 5 shows the absolute error for θ(η) of the different results. 
Conclusion
In this study is to compare and analyze the effects of the presence and absence of β, also the effects of m and Pr on the momentum and thermal boundary layer thicknesses. Both the fluid equations have been considered with the inclusion of pressure gradient parameter and solved them through an approximation technique Homotopy Perturbation Method (HPM) with an application of algorithms of Adams Method (AM) and Gear Method (GM), after applying similarity transformation which transforms these equations into an Ordinary Dierential Equation (ODE). The obtained results have been compared for zero and non-zero Deborah number for the velocity and temperature profiles. Also validated the results, after comparing with the Fathizadeh and Rashidi previously published work. Those found to be in good agreement with the results obtained. At first the results have been compared with published results in [32] , in case of Deborah number β = 0, pressure gradient m = 0 , those found to be in good agreement. It can be observed that the velocity profile increases with an increase in pressure gradient m, consequently the momentum boundary layer thickness becomes thicker and thicker. Similarly, for energy in case of Deborah number β = 0, pressure gradient m = 0 and Pr = 1. As a whole energy profile decreases with an increase in pressure gradient m consequently, the thermal boundary layer thickness becomes thinner and thinner.
